Adelic Geometry and Polarity by Thiel, Carsten
ar
X
iv
:1
11
1.
40
97
v1
  [
ma
th.
NT
]  
17
 N
ov
 20
11
ADELIC GEOMETRY AND POLARITY
CARSTEN THIEL
Abstract. In the present paper we generalise transference theorems from the
classical geometry of numbers to the geometry of numbers over the ring of
adeles of a number field. To this end we introduce a notion of polarity for
adelic convex bodies.
1. Introduction
By a convex body S in the m-dimensional Euclidean space Rm, we mean a
compact and convex set S ⊂ Rm with non-empty interior, which we assume to be
0-symmetric, i.e. S = −S. A lattice Λ is a discrete Z-submodule of Rm of full rank.
Given a convex body S and a lattice Λ in Rm, the i-th successive minimum
λi(S,Λ) for 1 ≤ i ≤ m of S with respect to Λ is defined as
λi(S,Λ) := inf { λ > 0 | λS ∩ Λ contains at least i linearly independent elements } .
With a convex body S and a lattice Λ we can associate the polar body
S⋆ := { x ∈ Rm | 〈x, y〉 ≤ 1 ∀ y ∈ S }
and the polar lattice
Λ⋆ := { x ∈ Rm | 〈x, y〉 ∈ Z ∀ y ∈ Λ } ,
where 〈 · , · 〉 denotes the standard scalar product on Rm. We have (Zm)⋆ = Zm
and B⋆m = Bm for the Euclidean unit ball.
A classical inequality, first investigated by Mahler, is the transference result
1 ≤ λi(S,Λ)λm−i+1(S⋆,Λ⋆) ≤ m3/2 , (1)
for 1 ≤ i ≤ m. For the lower bound see Gruber [7, § 5], while the upper bound
follows from Banaszczyk [1, Thm. 2.1].
We provide a generalisation of this inequality and of the notion of polarity to
the geometry of numbers over the ring of adeles of an algebraic number field.
The theory of adelic geometry of numbers arises in the context of Siegel’s Lemma,
which asks for a small integral solution to a system of linear equations with integer
coefficients. Answers by Thue, Siegel and others usually involve counting argu-
ments or Minkowski’s theorems on successive minima, cf [12]. In order to allow
coefficients and solutions from an algebraic number field, Bombieri and Vaaler in
[3] proved an adelic variant of Minkowski’s second theorem on successive minima.
A comprehensive overview of adelic geometry of numbers can be found in [13].
The theory has been further generalised, as has Siegel’s Lemma, with recent
results by Fukshansky [4], [5] and Gaudron [6] on the number of algebraic points in
bounded regions. Further work on Siegel’s Lemma for the algebraic closure of Q by
Roy and Thunder [11] involves the study of twisted heights. Using these heights they
introduce a different notion of adelic polarity and an analogous statement of (1) in
terms of these heights, which has most recently been extended by Rothlisberger [10].
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The present paper however uses a more geometric approach, directly extending
the classical notion of polarity to the adelic setting.
To this end we fix an algebraic number field K of degree d over Q, with field
discriminant ∆K , cf. [9, Kap. I]. We will use geometry of numbers over the ring of
adeles KA of K of rank n ∈ N.
The definitions of an adelic convex body S and the adelic successive minima
λi(S) for 1 ≤ i, j ≤ n, will be provided in Section 2. For our definition of polar
adelic body see Definition 3.7.
The main results of this paper are the following.
Theorem 1.1. Let S be an adelic convex body, S⋆ its polar and let λi(S), λj(S
⋆)
(1 ≤ i, j ≤ n) be the successive minima of S and S⋆ respectively. Then for 1 ≤ ℓ ≤ n
λℓ(S)λn−ℓ+1(S⋆) ≤ (nd)3/2 .
In view of the classical result (1) we are also interested in a lower bound, which
however we can not proof in full generality. For a special class of adelic convex
body and for K totally real or a CM-field (i.e. a field of complex multiplication) we
get the following estimate.
Theorem 1.2. Let K be totally real or a CM-field and let S be an adelic convex
body, with the additional requirement that for all complex places v, we have Sv =
αSv for α ∈ C with |α| = 1. Let S⋆ be its polar and let λi(S), λj(S⋆) (1 ≤ i, j ≤ n)
be the successive minima of S and S⋆ respectively,
Then for 1 ≤ ℓ ≤ n
1
d
√
|∆K |
≤ λℓ(S)λn−ℓ+1(S⋆) .
Notice, that in the case K = Q these results reduce to the classical statement
(1). Finally, Example 4.2 shows that the lower bound is sharp, at least for n = 1.
2. Adelic Geometry of Numbers
We start by giving a brief overview of the ring of adeles of an algebraic number
field K of degree d over Q. For more details and proofs we refer to [14, Ch. IV]
and [8, Ch. VI]. Let r be the number of real and s the number of pairs of complex
embeddings of K into C. Then d = r + 2s. Denote by O the ring of algebraic
integers of K and by ∆K its field discriminant.
LetM(K) be its set of places. For v ∈M(K) we write v ∤∞ for non-archimedian
places and v | ∞ for the archimedian ones. For the corresponding absolute value
on K we write | · |v. We normalize it to extend either the usual absolute value on
Q for archimedian places or the p-adic absolute value for a prime p. Then the local
field Kv is the completion of K with respect to v. For v ∤ ∞ let Ov be the local
ring of integers.
Let KA be the ring of adeles of K and K
n
A the standard module of rank n ≥ 2,
i.e. the n-fold product of adeles. Recall that KA is the restricted direct product of
the Kv with respect to the Ov. For any v ∈ M(K) let dv = [Kv : Qv] be the local
degree (Q∞ ∼= R). Then for all primes p ∈ Z
d =
∑
v|p
dv and d =
∑
v|∞
dv , and also
∏
v∈M(K)
|a|dvv = 1 (2)
for all non-zero a ∈ K.
Denote by σi, 1 ≤ i ≤ r the embeddings of K into R and by σr+i = σr+i+s,
1 ≤ i ≤ s the pairs of embeddings of K into C, so d = r + 2s. We call K totally
real, if s = 0, and we call K a CM-field, if it is a quadratic extension of a totally
real field with r = 0. Then
ι : x 7→ (σ1(x), . . . , σr(x), σr+1(x), . . . , σr+s(x))
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and
ι : x 7→ (σ1(x), . . . , σr(x), σr+1(x), . . . , σr+s(x))
are embeddings of K into K∞ :=
∏
v|∞Kv.
There is a canonical isomorphism ρ : K∞ → Rd with
ρ
(
x1, . . . , xr , xr+1, . . . , xr+s
)
=(
x1, . . . , xr,R(xr+1), I(xr+1), . . . ,R(xr+s), I(xr+s)
)
.
Here R and I denote real and imaginary parts respectively.
Together we get (ρ ◦ ι) : K →֒ Rd,
x 7→ (σ1(x), . . . , σr(x),R(σr+1(x)), I(σr+1(x)), . . . ,R(σr+s(x)), I(σr+s(x))) .
In the rank-n-case let Kn∞ :=
∏
v|∞K
n
v ,
ιn := (σn1 , . . . , σ
n
r , σ
n
r+1, . . . , σ
n
r+s) : K
n → Kn∞ , ιn respectively,
where the σi act componentwise. Similarily ρ
n : Kn∞ → Rnd.
Definition 2.1. For each v ∤ ∞ let Sv be a free Ov-module of full rank, where
Sv = Onv for all but finitely many v. In other words, for any v ∤ ∞ there is
an Av ∈ GLn(Kv) such that Sv = A−1v Onv , where Av is the identity for all but
finitely many v. For v | ∞ we have Kv ∼= R or Kv ∼= C. In this case let Sv be
a 0-symmetric compact convex body with non-empty interior in Rn or Cn ∼= R2n
respectively. Then the set
S =
∏
v∤∞
Sv ×
∏
v|∞
Sv
is called a closed symmetric adelic convex body. If necessary, we denote S∞ =∏
v|∞ Sv.
For (xv)v ∈ KnA we define the scalar multiple (yv)v = λ(xv)v for λ ∈ R+ by
yv :=
{
xv if v ∤∞ ,
λxv if v | ∞ .
Definition 2.2. The i-th successive minimum of the adelic convex body S is
λi(S) = inf{λ > 0 | ∃x1, . . . , xi ∈ Kn lin. indep. over K s.t. xj ∈ λS for all j}
for 1 ≤ i ≤ n. By construction λi(S) ≤ λj(S) for i ≤ j.
Definition 2.3. The inhomogeneous minimum of the adelic convex body S is
µ(S) := inf
{
µ > 0
∣∣∣ KnA ⊆ ⋃
ζ∈Kn
(
µS + ζ
)}
.
By construction µ(S) = µ̂(ρ(S∞), ρ(ι(M))), where
µ̂(T,Λ) := inf
{
µ > 0
∣∣∣ Rm ⊆ ⋃
ζ∈Λ
(
µT + ζ
)}
is the classical inhomogeneous minimum of the convex body T ⊂ Rm with respect
to the lattice Λ ⊂ Rm, cf. [7, § 5]. Here M = ⋂v∤∞(Sv ∩Kn).
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3. Adelic Polarity
In order to define our notion of adelic polarity we first recall some background
from Algebraic Number Theory. It is well-known [9, Ch. I,(2.8)], that
T (x, y) := TrK/Q(xy)
is a non-degenerate symmetric Q-bilinear form on K. Here TrK/Q denotes the field
trace. This allows to define
⋆O := { x ∈ K ∣∣ TrK/Q(xy) ∈ Z ∀ y ∈ O } , (3)
the complementary module, cf. [9, Ch. III, § 2]. This is a fraction ideal in K, its
inverse is the different d. On Kn we get a bilinear form given by
Tn(x, y) :=
n∑
i=1
TrK/Q(xiyi) .
By [14, V § 2,Thms. 2&3] for any fractional ideal m there is a map a : M(K)→
Z, such that m can be written as
m =
⋂
v∤∞
(K ∩ pa(v)v ) , (4)
where almost all a(v) = 0 and pv is the unique maximal ideal in Ov. More con-
cretely, we get the following special case.
Lemma 3.1. Let v ∤∞ and define as in the global case
⋆Ov :=
{
x ∈ Kv
∣∣ TrKv/Qv (xy) ∈ Zv ∀ y ∈ Ov } .
Then ⋆O = ⋂v∤∞(⋆Ov ∩K). For all but finitely many v ∤∞ we have ⋆Ov = Ov.
Proof. By their definitions (cf. [8, p. 377 (⋆)]) we have
⋆Ov ∩K = ⋆O(v) :=
{
a
b
∣∣ a ∈ ⋆O, b ∈ O \ (v) } ⊇ ⋆O,
where ⋆O(v) is the localisation of ⋆O at the ideal (v) corresponding to v.
For the converse inclusion we follow an idea by J. Jahnel1. LetM :=
⋂
v∤∞
⋆O(v),
x ∈M and consider the “ideal of denominators”
I := { b ∈ O | bx ∈M } .
Since x ∈ K ∩ ⋆Ov = ⋆O(v), we have I 6⊂ (v), for the ideal in K corresponding to
v. Since this holds for all v, we have I = O. Therefore x ∈ ⋆O.
The final statement follows from [8, Lemma 6.48], since only finitely many primes
are ramified in K. 
We extend the construction from (3) in a natural way to the rank-n case with
the form Tn.
Lemma 3.2. Let A ∈ GLn(K) and Av ∈ GLn(Kv) for any finite v. Then
⋆
(AOn) = A−t(⋆O)n and ⋆(AvOnv ) = A−tv (⋆Ov)n .
Proof. Notice, that
⋆(On) := { x ∈ Kn | Tn(x, y) ∈ Z ∀ y ∈ On } ⊇ (⋆O)n .
Suppose they are not the same, i.e. ∃ a ∈ ⋆(On) \ (⋆O)n. Then for some i: ai 6∈ ⋆O,
so there is some bi ∈ O, such that TrK/Q(aibi) 6∈ Z by definition of ⋆O. But then
Tn(a, (0, . . . , 0, bi, 0, . . . , 0)) 6∈ Z giving a contradiction.
1personal communication
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Now let (aij)ij = A ∈ GLn(K), x, y ∈ Kn. Then
Tn(x,Ay) =
∑
i
TrK/Q(xi(Ay)i) =
∑
i
TrK/Q
(
xi
(∑
jaijyj
))
=
∑
i
∑
j
TrK/Q
(
xi(aijyj)
)
=
∑
j
∑
i
TrK/Q
(
(aijxi)yj
)
=
∑
j
TrK/Q((A
tx)jyj) = Tn(A
tx, y) .
The second statement is obvious, as the above argument works for x, y ∈ Knv and
Av ∈ GLn(Kv) verbatim using TrKv/Qv . 
On the other hand, we can define a scalar product on Rd = Rr+2s as
(x, y) =
r∑
i=1
xiyi + 2
2s∑
i=r+1
xiyi , (5)
cf. [9, Ch. I,(5.1)]. This gives the scalar product
(x, y) := (ρ(x), ρ(y)) =
∑
v real
xvyv +
∑
v complex
(xvyv + xvyv) (6)
on K∞, cf. [9, p. 222].
Lemma 3.3. For all x, y ∈ K
TrK/Q(xy) = (ρ(ι(x)), ρ(ι(y))) .
Proof. Let x, y ∈ K, then
(ρ(ι(x)), ρ(ι(y)))
=
r∑
j=1
σj(x)σj(y) +
s∑
j=1
2
(
R(σr+j(x))R(σr+j(y)) + I(σr+j(x))I(σr+j(y))
)
=
r∑
j=1
σj(x)σj(y) + 2
s∑
j=1
(
R(σr+j(x))R(σr+j(y))− I(σr+j(x))I(σr+j(y))
)
.
By [9, Ch. I,(2.6) (ii)], TrK/Q(x) =
∑
σ σ(x), where the sum is over all embed-
dings σ : K →֒ Q. As all complex embeddings appear in conjugated pairs
TrK/Q(xy) =
r∑
j=1
σj(xy) +
s∑
j=1
σr+j(xy) +
s∑
j=1
σr+j(xy)
=
r∑
j=1
σj(x)σj(y) + 2
s∑
j=1
R(σr+j(x)σr+j(y)) .
The statement follows from R(ab) = R(a)R(b)− I(a)I(b). 
Corollary 3.4. For any algebraic number field K with ring of integers O and
embeddings ρ and ι as above, we have
ρ(ι(O))⋆ = ρ(ι(⋆O)) ,
where ( · )⋆ is the polar with respect to the form in (5).
The scalar product ( · , · ) on Rnd is also defined as the sum of the components
of each copy of Rd. Notice that we get the standard scalar product at the real
places and the real scalar product multiplied by 2 at the complex places. By direct
consequence of Lemma 3.2 and Corollary 3.4 and again [14, V § 2,Thm. 2], cf. (4),
this leads to the following generalisation.
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Corollary 3.5. For any algebraic number field K with ring of integers O and
embeddings ρn and ιn as above, we have
ρn(ιn(A−1On))⋆ = ρn(ιn(At(⋆O)n))
and
ρn
(
ιn
(⋂
v∤∞
(A−1v Onv ∩Kn)
))⋆
= ρn
(
ιn
(⋂
v∤∞
(Atv(
⋆Ov)n ∩Kn)
))
for A ∈ GLn(K), Av ∈ GLn(Kv) for all n ∈ N.
Remark 3.6. Consider a finite number of 0-symmetric convex bodies Si ⊂ Rmi .
Then, using the classical notion of polarity,(∏
i
Si
)⋆ ⊆∏
i
S⋆i . (7)
Indeed, let x ∈ (∏i Si)⋆, then 〈x, y〉 ≤ 1 for all y ∈ ∏i Si. So especially for any i
we have 〈x, (0, . . . , 0, yi, 0, . . . , 0)〉 ≤ 1 for all yi ∈ Si. But that implies 〈xi, yi〉 ≤ 1
for all i, which defines the right-hand side of (7).
For the scalar product ( · , · ) instead of 〈 · , · 〉 we get 〈x, (0, . . . , 0, yi, 0, . . . , 0)〉 ≤
1
2 and 〈xi, yi〉 ≤ 12 for the complex places (xi, yi ∈ C), so (7) holds as well.
Due to Corollary 3.5, we are now in the situation to define our notion of adelic
polarity.
Definition 3.7. Let S =
∏
v∤∞A
−1
v Onv ×
∏
v|∞ Sv be an adelic convex body. The
polar adelic body of S is
S⋆ :=
∏
v∤∞
Atv(
⋆Ov)n ×
∏
v|∞
S⋆v ,
where S⋆v is the polar body of Sv with respect to the restriction of (5). Since
Ov = ⋆Ov for almost all v ∤∞ by Lemma 3.1, S⋆ is again an adelic convex body.
4. Adelic Transference Theorems
We now apply the results of the previous section, especially Corollary 3.5, to
prove the main results of this paper.
Proof of Theorem 1.1. Let
M =
⋂
v∤∞
(
A−1v Onv ∩Kn
)
and M⋆ =
⋂
v∤∞
(
Atv(
⋆Ov)n ∩Kn
)
.
By [13, Lemma] ρ(ι(M)) and ρ(ι(M⋆)) are lattices of full rank in Rnd. By Corol-
lary 3.5, they are polar to each other.
Denote by S∞ and S⋆∞ the infinite parts of S and S
⋆ respectively. By (7) we
have
(ρ(S∞))⋆ ⊂ ρ(S⋆∞) . (8)
Denote by λℓ(S) and λℓ(S
⋆) the adelic successive minima of S and S⋆ respectively
and by λ̂i(T,Λ) the classical successive minima of the convex body T and the lattice
Λ in Rnd. Then, by [13, p. 256], for ℓ = 1, . . . , n
λℓ(S) ≤ λ̂(ℓ−1)d+1
(
ρ(S∞), ρ(ι(M))
)
and
λℓ(S
⋆) ≤ λ̂(ℓ−1)d+1
(
ρ(S⋆∞), ρ(ι(M
⋆))
) ≤ λ̂(ℓ−1)d+1(ρ(S∞)⋆, ρ(ι(M⋆))) ,
where the last inequality follows from (8).
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Finally, applying (1), we conclude
λℓ(S)λn−ℓ+1(S⋆) ≤ λ̂(ℓ−1)d+1(ρ(S∞), ρ(ι(M)))λ̂((n−ℓ+1)−1)d+1(ρ(S∞)⋆, ρ(ι(M⋆)))
≤ λ̂(ℓ−1)d+1(ρ(S∞), ρ(ι(M)))λ̂(n−ℓ)d+d(ρ(S∞)⋆, ρ(ι(M⋆)))
≤ (nd)3/2 . 
Corollary 4.1. Let K, S, S⋆ and λ1(S) be as in Theorem 1.1 and let µ(S
⋆) be the
inhomogeneous minimum of S⋆. Then
λ1(S) · µ(S⋆) ≤ C nd(1 + lognd) ,
where C is a universal constant.
Proof. As in the proof of Theorem 1.1, we have λ1(S) = λ̂1(ρ(ι(M)), ρ(S∞)) and
by (8) we get
µ̂(ρ(S⋆∞),Λ) ≤ µ̂(ρ(S∞)⋆,Λ)
for any lattice Λ ⊂ Rnd. Therefore
λ1(S) · µ(S⋆) ≤ λ̂1(ρ(S∞), ρ(ι(M))) · µ̂(ρ(S∞)⋆, ρ(ι(M⋆))) ≤ C nd(1 + lognd) ,
by [2, Corollary 1] with some universal constant C. 
Proof of Theorem 1.2. We use the standard bilinear form on Kn:
b(x, y) =
n∑
i=1
xiyi ,
where · is complex conjugation if K is a CM-field and the identity for K totally
real. Let u1, . . . , un and v1, . . . , vn be K-bases of K
n such that ui ∈ λi(S)S and
vj ∈ λj(S⋆)S⋆ for all i, j. Notice that for ui ∈ On and vj ∈ (⋆O)n, we have
b(A−1uj , Atvj) = b(uj, vj) ∈ ⋆O, using that ⋆O is a fractional ideal in K. By
definition of ⋆O and the different d, we have |x| ≤ |d|−1 for x ∈ ⋆O, [9, III, 2.1].
This holds for any finite place v as well.
Since b is non-degenerate, there are i ∈ { 1, . . . , ℓ } and j ∈ { 1, . . . , n− ℓ+ 1 }
such that b(ui, vj) 6= 0. Then by the product formula in (2)
1 =
∏
v
|b(ui, vj)|dvv ·
(
λi(S)λj(S
⋆)
λi(S)λj(S⋆)
)d
=
∏
v∤∞
∣∣b(ui, vj)∣∣dvv · (λi(S)λj(S⋆))d ·∏
v|∞
∣∣b( 1λi(S)ui, 1λj(S⋆)vj)∣∣dvv .
Now for any finite v we have b(ui, vj) ∈ ⋆Ov, therefore
∣∣b(ui, vj)∣∣dvv ≤ |dv|−dv , where
dv denotes the local different. Finally
∏
v∤∞|dv|−dv = |∆K |, cf. [8, Ch.VI, § 8].
To conclude the proof, we consider the factors at the infinite places. By assump-
tion they are either all real or all complex. Fix some v | ∞. Let x := 1λi(S)ui and
y := 1λj(S⋆)vj . If K is totally real, i.e. v is real, we have∣∣b(x, y)∣∣dv
v
=
∣∣b(x, y)∣∣1
v
=
∣∣σv(∑ixiyi)∣∣ = ∣∣∑iσv(xi)σv(yi)∣∣ ≤ 1 ,
by definition of S⋆v .
If K is a CM-field, i.e. v is complex, we get∣∣b(x, y)∣∣dv
v
=
∣∣σv(∑ixiyi)∣∣2 = ∣∣∑iσv(xi)σv(yi)∣∣2
≤ (∣∣R(∑iσv(xi)σv(yi))∣∣+ ∣∣iI(∑iσv(xi)σv(yi))∣∣)2 ≤ (∣∣ 12 ∣∣+ 1 ∣∣12 ∣∣)2 = 1 ,
by definition of S⋆v , since iI(x) = iR(ix) for all x ∈ C and from (σv(xi))i ∈ Sv we
get i(σv(xi))i ∈ Sv by our additional requirement.
The conclusion follows from the monotonicity of the minima. 
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Example 4.2. Let n = 1 andK = Q[
√
2], then O = Z[√2] = Z+√2Z and the field
discriminant is |∆K | = 8. Consider x = a+b
√
2 ∈ Q[√2] and y = c+d√2 ∈ Z[√2].
Then
xy = (a+ b
√
2)(c+ d
√
2) = ac+ 2bd+ (ad+ bc)
√
2 .
Therefore
Tr(xy) = Tr
(
ac+ 2bd 2ad+ 2bc
ad+ bc ac+ 2bd
)
= 2ac+ 4bd
and this is an integer if a ∈ 12Z and b ∈ 14Z. Therefore ⋆O = 12Z+
√
2
4 Z.
Now ρ(ι(O)), ρ(ι(⋆O)) ⊂ R2 are lattices of rank 2, more precisely
ρ(ι(O)) =
(
1
√
2
1 −√2
)
Z2 , ρ(ι(⋆O)) =
(
1
2
√
2
4
1
2 −
√
2
4
)
Z2 ,
and we see that ρ(ι(O))⋆ = ρ(ι(⋆O)). This follows easily from the fact, that the
matrices are the inverse transpose of one another.
Taking the 1-dimensional unit ball [−1, 1] at both infinite places for the convex
bodies, we see that
S =
∏
v∤∞
Ov ×
∏
v|∞
[−1, 1] and S⋆ =
∏
v∤∞
⋆Ov ×
∏
v|∞
[−1, 1]
are polar. Obviously λ1(S) ≤ 1 and since
√
2
4 <
1
2 , we have λ1(S
⋆) ≤
√
2
4 . This
gives equality for the lower bound in Theorem 1.2.
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